In this paper, we give some determinantal and permanental representations of Generalized Fibonacci Polynomials by using various Hessenberg matrices. These results are general form of determinantal and permanental representations of k sequences of the generalized order-k Fibonacci and Pell numbers.
Introduction
Fibonacci numbers, Pell numbers and their generalizations have been studying for a long time. One of these generalizations was given by Miles in 1960.
Miles [8] defined generalized order-k Fibonacci numbers(GOkF) as,
for n > k ≥ 2, with boundary conditions: f k,1 = f k,2 = f k,3 = · · · = f k,k−2 = 0 and f k,k−1 = f k,k = 1.
Er [2] defined k sequences of generalized order-k Fibonacci numbers (kSOkF) as; for n > 0, 1 ≤ i ≤ k with initial conditions for 1 − k ≤ n ≤ 0,
where p i k,n is the n-th term of i-th sequence of order k generalization. Kaygisiz and Şahin [3] defined k sequences of the generalized order-k Van der Laan numbers(kSOkV) as; for n > 0, 1
,n is the n-th term of i-th sequence.
MacHenry [5] defined generalized Fibonacci polynomials (F k,n (t)) where t i (1 ≤ i ≤ k) are constant coefficients of the core polynomial
which is denoted by the vector
F k,n (t) is defined inductively by
For example the generalized Fibonacci polynomials for k = 4 and k = 5 are; 
respectively.
MacHenry studied on these polinomials and obtain very useful properties of these polynomials in [6, 7] .
, kSOkV (4) and generalized Fibonacci polynomials (5) respectively, then i) substituting c j = t i in (2) and generalized Fibonacci polynomials, for 1 ≤ i, j ≤ k we obtain
Minc [9] found Hessenberg matrix whose permanent are subscripted generalized order-k Fibonacci numbers. Ocal [10] gave various Hessenberg matrices whose determinants and permanents are subscripted generalized order-k Fibonacci numbers.
In this paper we derive determinantal and permanental representation of generalized Fibonacci polynomials using various Hessenberg matrices.
The determinantal representations
An n × n matrix A n = (a ij ) is called lower Hessenberg matrix if a ij = 0 when j − i > 1 i.e.,
a n−1,1 a n−1,2 a n−1,3 · · · a n−1,n a n,1 a n,2 a n,3 · · · a n,n
A n be the n × n lower Hessenberg matrix for all n ≥ 1 and
and for n ≥ 2 det(A n ) = a n,n det(
Theorem 2.2. Let k ≥ 2 be an integer, F k,n (t) be the generalized Fibonacci Polynomial (5) and Q k,n = (q rs ) n × n Hessenberg matrix, where
where t 0 = 1 and i = √ −1.
Proof. To prove det(Q k,m ) = F k,m+1 (t), we use the mathematical induction on m. The result is true for m = 1 by hypothesis. Using Theorem (2.1) we have
From the hypothesis and the definition of generalized Fibonacci polynomials we obtain
Therefore, the result is true for all positive integers.
Example 2.3. We obtain 5-th generalized Fibonacci polynomial for k = 6, using Theorem 2.2
Corollary 2.4.
[10] Let k ≥ 2 be an integer, f k,n be the generalized order-k Fibonacci numbers (1) and C k,n = (c rs ) n × n Hessenberg matrix, where
Proof. It is direct from Theorem 2.2 for t i = 1.
Theorem 2.5. Let k ≥ 2 be an integer, F k,n (t) be the generalized Fionacci Polynomial (5) and B k,n = (b ij ) be an n × n lower Hessenberg matrix such that
where t 0 = 1.
Proof. To prove det(B k,m ) = 
Example 2.6. We obtain 6-th generalized Fibonacci polynomial for k = 4, using Theorem 2.5
Corollary 2.7.
[10]Let k ≥ 2 be an integer, f k,n be the generalized order-k Fibonacci numbers (1) and M k,n = (m ij ) be an n × n lower Hessenberg matrix such that
Proof. It is direct from Theorem 2.5 for t i = 1.
Corollary 2.8. If we rewrite Theorem (2.2) and Theorem (2.5) i) for
respectively, ii) for t 1 = 2 and
and
respectively, iii) for t 1 = 0 and
respectively. Where f (7) and (8) , respectively.
The permanent representations
Let A = (a i,j ) be a square matrix of order n over a ring R. The permanent of A is defined by
where S n denotes the symmetric group on n letters.
Let A i,j be the (i, j)-th minor of matrix A. Then
for any i, j. (a n,r n−1 j=r a j,j+1 per(A r−1 )).
Theorem 3.2. Let k ≥ 2 be an integer, F k,n (t) be the generalized Fibonacci Polynomial and H k,n = (h rs ) be an n × n lower Hessenberg matrix such that
Proof. Since the proof is similar to the proof of Theorem (2.2) by using Theorem (3.1) we omit the detail.
Proof. This is similar to the proof of Theorem 2.5 using Theorem 3.1.
Corollary 3.6.
[9]Let k ≥ 2 be an integer, f k,n be the generalized order-k Fibonacci numbers and D k,n = (d ij ) be an n × n lower Hessenberg matrix such that
Proof. It is direct from Theorem 3.5 for t i = 1. (10) and (11), respectively.
